In continuous wave (CW) electron paramagnetic resonance imaging (EPRI), high quality of reconstruction in a limited acquisition time is a high priority. It has been shown for the case of 3D EPRI, that a uniform distribution of the projection data generally enhances reconstruction quality. In this work, we have suggested two data acquisition techniques for which the gradient orientations are more evenly distributed over the 4D acquisition space as compared to the existing methods. The first sampling technique is based on equal solid angle partitioning of 4D space, while the second technique is based on Fekete points estimation in 4D to generate a more uniform distribution of data. After acquisition, filtered backprojection (FBP) is applied to carryout the reconstruction in a single stage. The single-stage reconstruction improves the spatial resolution by eliminating the necessity of data interpolation in multi-stage reconstructions. For the proposed data distributions, the simulations and experimental results indicate a higher fidelity to the true object configuration. Using the uniform distribution, we expect about 50% reduction in the acquisition time over the traditional method of equal linear angle acquisition.
Introduction
Electron paramagnetic resonance imaging (EPRI) is a noninvasive technique that is capable of detecting and imaging free radicals [1] . Due to its ability for direct detection and characterization of both endogenous and introduced free radicals, EPRI has a distinct advantage in many biological applications [2] [3] [4] [5] [6] [7] . However, the long acquisition time, especially for 4D spectral-spatial imaging, can be a bottle-neck for many in vivo biological applications. It has been shown for the 3D case [8] that uniformity of the data distribution can improve the reconstruction quality for a given acquisition time. In this work, we investigate uniform data distributions and their impact on 4D spectral-spatial imaging.
Most of the EPR experiments are conducted in continuous wave (CW) domain since the technical challenges associated with the pulsed EPR [9] limit its broad use. In CW EPRI, the data are acquired in the form of projections [10] , and filtered backprojection (FBP) [11] or Fourierbased direct reconstruction techniques [12] are commonly applied to reconstruct the image from the acquired projections. The quality of the reconstructed image depends on a number of factors including number of acquired projections, signal-to-noise ratio (SNR), field homogeneity, linewidth of the paramagnetic species under study, and the reconstruction technique itself. Generally, the reconstruction quality can be improved by acquiring more projections. This, however, is not a viable solution because projection acquisition can be a time-consuming process [13] . Hence, increasing the number of acquired projections beyond a certain limit may not be practical, especially for in vivo biological applications. Hence, it is highly desirable to improve the reconstruction quality from a limited number of projections.
The EPRI can be performed in purely spatial domain to obtain one-, two-, or three-dimensional (1D, 2D, or 3D) images of free radical distribution in objects. It is important to mention that purely spatial 3D EPRI provides unambiguous distribution of free radicals under the assumption that spectral shape is space-invariant. Thus, for samples having variable linewidths or multiple radical species, it is not possible to obtain an accurate map of the spin distribution using purely spatial EPRI. Besides, the information obtained by purely spatial EPRI is limited to the spin density and not the nature of the spins at each spatial volume element (voxel). To overcome this limitation an additional dimension, the spectral dimension, is required to capture the spectral shape function at each voxel. The imaging technique that includes a spectral dimension along with one or more spatial dimensions is termed as spectral-spatial imaging [14] . While the spatial information is captured by collecting projections along different orientations of the gradient vector, the spectral information is encoded by varying the gradient strength. The spectral-spatial imaging can be performed in 1, 2 or 3 spatial dimensions giving rise to 2, 3, or 4D spectral-spatial images, respectively. While the information provided by the additional spectral dimension is immensely useful in many biological applications, it requires additional hardware capability, manageable experimental conditions, and additional acquisition time. The potential application of the spectral-spatial technique has been recognized in performing EPRI oximetry [15] that is based on the effect of oxygen-induced broadening of the lineshape.
It is beneficial to take advantage of any symmetry or redundancy in the object configuration to reduce the number of acquired projections. A few adaptive acquisition techniques have been presented [8, 16] where a more informative set of projections is acquired. This strategy is advantageous only where the object configuration is highly anisotropic in a way that the information depicted in a small number of projections is sufficient to reasonably characterize the object configuration. In cases where the object does not possess any exploitable configuration or there is not enough information available about the object configuration, an uniform sampling of the data over the object space generates consistent results. Equal solid angle (ESA)-based sampling for 3D EPRI has been presented earlier [8] which results in an estimated reduction of 30% in the acquisition time over equal linear angle (ELA)-based sampling. A further improvement in the reconstruction has been observed [17] by obtaining a more uniform distribution of the gradient.
Although ESA-based distribution designed for 3D has been applied to 4D imaging [18] , the resulting distribution has an improved uniformity only in the 3D spatial domain and the overall sampling in 4D domain is still not uniform. In addition, since the set of selected gradient orientations is identical for each applied gradient strength, there is a high redundancy in the collected data. The first technique presented here is an extension of the 3D ESA-based distribution [19] while the second proposed technique is an estimation of Fekete points [20] in 4D which generally results in more uniform distribution of the data. We expect about 50% reduction in the acquisition time over ELAbased distribution and about 25% reduction over the previously proposed sampling technique where ESA approximation holds only in the 3D spatial domain [18] . Since the reconstruction is carried out in a single stage without the necessity of interpolation, the spatial resolution does not degrade. The computation time, however, can be longer as compared to multistage reconstruction where nD EPR image is reconstructed through (n À 1) stages of 2D backprojection operations [21] . By limiting the size of the reconstructed image and by breaking the reconstruction into subsets, the processing time for 4D single-stage reconstruction can be deemed manageable.
Theory
In CW EPRI, a projection is generally acquired by measuring the absorption signal as a function of magnetic field in the presence of a static gradient. The orientation of the acquired projection is determined by the direction of the magnetic field gradient which is a vector sum of three independent and mutually orthogonal field gradients in the x, y, and z directions. In 4D, Radon transform [21] of an object f(x, y, z, s) is expressed as pðq; g; /; hÞ ¼
f ðx; y; z; sÞ
where q defines the distance of a particular line of integration from the origin, h represents the spectral angle defined by Eq. (2), angles / (90°À elevation) and g (azimuth) define the 3D spatial domain, and p(q, g, /, h) represents an acquired projection along the orientation defined by hyperspherical coordinates g, /, and h. The distribution of g, /, and h determines the distribution of projection data in 4D space.
where G is the gradient strength, DL and DB are spatial field of view (FOV) and spectral window, respectively. Once a sufficient number of projections are acquired, the image can be reconstructed by the FBP method which is based on the inverse Radon transform. The FBP method requires that the gradient orientations for the projection data are uniformly distributed over the acquisition space that, for 4D EPRI, is simply S 3 which is defined as
where ''AE'' represents inner product on R dþ1 . If the projections are not uniformly distributed, an appropriate weighting can be used to satisfy the requirement of the FBP f ðx; y; z; sÞ ¼ 
where w i the weight associated with the ith projection, and its value depends on the data distribution. The error of approximation ðf Àf Þ depends on the number of projections (N) and the distribution of the projections. Generally, a projection distribution which is more uniform over the sphere (hypersphere) results in smaller approximation errors because there is a connection between better uniformity of data distribution and more accurate integration [22] .
Equal linear angle sampling in 4D (ELA4)
In the traditional acquisition technique, the projection angles g, /, and h are sampled at a constant interval as shown in Fig. 1a . The reconstruction from a limited number of such projections is described by Eq. (7). where M is the number of projections corresponding to h = 90°, / = 90°. An equal increment of g, /, and h results in a nonuniform distribution of the data over S 3 . The acquired data becomes highly concentrated when / or h approaches 0°or 180°. The weighting term sin 2 (mDh) sin(nD/) in Eq. (7) effectively compensates for the nonuniformity of the data, but nevertheless reduces the acquisition efficiency. In addition, the sampling of data on a rigid latitude-longitude grid can lead to more pronounced reconstruction artifacts, because in such cases streak-artifact from various projections, if they get aligned to an edge of the object, may get added constructively.
Equal solid angle sampling in spatial domain (ESA3)
A distribution based on ESA approximation in S 2 , applied to S 3 , is shown in Fig. 1b . In the 3D spatial domain, the solid angle associated with gradient orientation is proportional to D/Dg sin /, and the ESA span [19] can be approximated by keeping D/ constant and incrementing Dg in proportion to 1/sin /. This way, the number of azimuth samples for each / is determined as
Therefore, as / changes, the number of points also changes accordingly, which results in a more uniform distribution of the gradient directions over S 2 representing the spatial domain. Consequently, for ESA3 Eq. (7) can be modified as
Since sin(nD/)/K n % 1/M, it is evident from Eq. (9) that all the projections are weighted approximately by sin 2 (mDh) instead of sin 2 (mDh) sin(nD/) as was for ELA4. This weighting reflects a distribution that avoids nonuniformity around / = 0°or / = 180°but still suffers from data congestion around h = 0°or h = 180°. In other words, the data from the resulting sampling pattern is crowded for lower gradient strengths and sparse for higher gradient strengths. The reconstruction results for 4D EPRI using ESA3 based distributions has been reported recently [18] .
Equal solid angle sampling in 4D (ESA4)
In S 3 , the solid angle associated with the gradient orientation is proportional to DhD/Dg sin 2 h sin / which can be computed from the Jacobian of the transformation (between hyperspherical and Cartesian coordinate systems) equations. The equal solid angle span for S 3 can be approximated by keeping Dh constant and incrementing D/ in proportion to 1/sin h and incrementing Dg in proportion to 1/(sin h sin /). This way, the number of samples along / and g are, respectively, determined as
where / j = j(180°/J m ). The reconstruction from 4D equal solid angle acquisition is represented as
This distribution avoids concentrating data when / or h approaches 0°or 180°and hence improves the overall uniformity of data in S 3 . A distribution based on ESA4 in shown in Fig. 1c .
Since projections corresponding to higher gradient have lower SNR, it is a common practice to spend more acquisition time for those projections to partially improve their SNR. If the acquisition time of a projection is made proportional to 1/cos h, the additional percentage reduction R in the acquisition time associated with ESA4 is
where is replicated for all selected values of h, the dots of different colors overlap at each spatial location. Therefore, only red dots are visible for (a) and (b). For ESA4 shown in (c), the data distributions over spatial domain for mD h and 180°À mDh are identical. Therefore, the data residing only in the second half of h are visible. (For interpretation of the references in color in this figure legend, the reader is referred to the web version of this article.)
The value of R for M = 18 (with missing angle region 85°-95°) is 23% and for M = 10 (with missing angle of 81°-99°) is 26%. These savings are in addition to the 30% savings offered by ESA3 method [18] . As a result, net savings offered by ESA4 over ELA4 for M = 18 and M = 10 are 46% and 48%, respectively.
Uniform sampling based in Fekete points in 4D (UF4)
The problem of uniformly distributing a large number of points over S 2 has been studied extensively [20, [23] [24] [25] . Several studies have suggested methods for efficient powder averaging [26] where a discrete set of crystallite orientations are used to simulate the NMR spectra. Bak et al. [27] has numerically analyzed the performances of various powder averaging methods to compare their insensitivities to the orientation of the object from which the spectra is observed and reported that the performance of so called REPUL-SION technique, which is similar to the one presented here, is on par or superior to the other popular techniques. More importantly, most of these other methods are only valid for S 2 and their extension to S 3 is not obvious, which is also the case for the distribution based on two successive Fibonacci numbers, whose feasibility for 3D spatial EPRI has been recently reported [17] . In recent years, spherical designs [28] have received a great deal of attention because they generate optimal distributions (in terms of zero integration error) for any integrand that can be approximated by a polynomial of limited degree. For EPRI, however, a direct application of most of these methods is prohibited since they do not offer the flexibility to account for additional restrictions such as antipodal symmetry, missing angle regions, and a large number of data points to be distributed. Another popular way to generate uniform distributions is via optimization with respect to a suitable criterion such as generalized energy [29] , and the bounds on the corresponding separation radius, star discrepancy [30] , and integration error have also been reported [31, 32] . The main advantage of this approach for 4D spectral-spatial EPRI is its ability to accommodate the above mentioned EPRI related constraints. The energy U for a distribution x 1 ,x 2 , . . . , x N is defined as
The objective to find x N that denotes a generic subset of S [33, 34] . It has been observed that for a large N there are many local minima in the energy minimization problem. Further, these local minima have energies very close to the global minimum, which makes it very difficult to determine the precise minimum.
In this work, the Fekete points over S 3 were estimated using gradient descent. The basic idea comes from electrostatics, which dictates how the charged particles over the surface of a sphere (hypersphere) can move to reach a configuration x N with minimum potential energy (or very close to it) along with static stable equilibrium. The repulsive force F, which is the negative of the potential gradient (À$U) is calculated on each particle due to the influence of the rest. In every iteration, particles are moved in the direction d to reduce the net U of the system.
where F T i is the tangential component of force acting on the ith particle due to the rest of the particles, and b is a constant controlling the amount of displacement for the particles. The antipodal symmetry introduced in the initialization was kept intact during the gradient descent by tying the antipodal points together and moving them in pairs. A distribution based on UF4 in shown in Fig. 1d .
After accounting for the EPRI related constraints, the energy U and the standard deviation of the Voronoi cell size [35] are calculated for all four sampling patterns and are shown in Fig. 2 . The computation of Voronoi cells, also used to assign relative weight to each projection before applying the FBP, over S 3 is similar to a previously reported procedure for S 2 [17] .
Missing angle problem and single-stage reconstruction
For spectral-spatial imaging, h = 90°corresponds to acquiring projection data at an infinite magnetic field gradient strength. Since hardware limitations and SNR put a restriction on the maximum applicable gradient, the projection data corresponding to higher gradients cannot be acquired. If h m is the missing angle
where h G is the spectral angle associated with the maximum applicable gradient strength G max and h max is the spectral angle corresponding the maximum gradient reached by a sampling method. This problem is generally termed as ''missing angle tomography.'' Although there are alternative reconstruction techniques [36] that can handle this problem seamlessly, the computation cost associated with such techniques especially for 4D render them impractical. For FBP, a few techniques such as projection-reprojection [37] have been proposed to handle this problem. Therefore, one simple solution would be to estimate the Fekete distribution over S 3 , remove the data points appearing in the ''forbidden'' region, and perform the reconstruction using projection-reprojection. The resulting reconstruction, however, yields poor resolution since there are an insufficient number of high gradient projections that are vital for the reconstruction quality.
In this work, the missing angle problem is tackled by introducing a slight discrepancy in the distribution of data along the spectral angle. For all methods except UF4, the spectral angle sampling interval Dh is chosen such that the missing angle region around h = 90°is avoided altogether. On the other hand, for UF4, where there is no fixed sampling interval, the discrepancy is only locally introduced during the iterative process to generate Fekete points. In each iteration, points appearing in the region h max ± h m are set equal to h max , and points appearing in the region 180°À h max ± h m are set equal to 180°À h max . Although the introduced discrepancy may degrade the reconstruction quality, our experience with the simulation data shows that this technique is considerable superior to the projection-reprojection technique because in this case we have a large number of projections acquired at the maximum gradient strength. Further, for UF4 the loss of reconstruction quality due to the adjustments made in the data distribution is far less pronounced than it is for ELA4, ESA3, or ESA4. This is because the adjustments for UF4 are restricted to the 90°± 2h m region, while for ELA4, ESA3, and ESA4 the effect of the adjustment made to tackle the missing angle problem trickle down the entire distribution. More importantly, for ELA4, ESA3, and ESA4, the calculated step size Dh for a given number of projections may be considerably greater than 2h m . Therefore, the resulting h max = h G À (Dh/2 À h m ) can be considerably lesser than h G , which would expand the missing angle region beyond the limits imposed by the hardware or SNR. For UF4, the equality h max = h G can be attained for any number of projections.
All calculations were performed using Matlab 7.0 (MathWorks, Massachusetts) on a Pentium IV computer equipped with 1 GB RAM and 3.2 GHz of clock speed. For a 64 · 64 · 64 · 64 reconstruction from 1000 projections, with each projection having a size of 95 points, the approximate computation times are: Radon transform: 18 min, inverse Radon transform: 82 min, and nonlinear least-square fitting at each voxel using Matlab command lsqnonlin: 90 ms. The projection acquisition process was carried out in multiple stages using partial Radon transform [38] to reduce the computation time. For single-stage reconstruction, four matrices X, Y, Z, and S, each of size 64 · 64 · 64 · 64 were generated and plugged in the reconstruction equation to directly calculatef ðx; y; z; sÞ. The large sizes of the matrices posed a serious limitation on the computer memory. To avoid this problem each of the four matrices were divided into two halves The resulting 16 subsets of the reconstruction space were reconstructed one by one and then put together to generate the final image without scarifying any reconstruction quality. Since both the FBP and curve-fitting are easy to parallelize, using multiple processor nodes to further speed up the reconstruction is a viable option.
Results

Simulations
To demonstrate the performance of 4D uniform sampling, the reconstruction results from the four acquisition techniques are compared using a digital phantom of size 64 · 64 · 64 · 64. The phantom consists of four rows and four columns of cylindrical tubes as shown in Fig. 3a . Two different intensities and linewidths are used in the phantom. The outer 12 tubes simulate a normalized intensity of 1 and a peak-to-peak linewidth of 0.27 G while the central 4 tubes simulate a normalized intensity of 0.7 and a peak-to-peak linewidth of 0.18 G. The imaging parameters, chosen to simulate EPRI experiments at L-band (1.2 GHz), were as follows: spatial FOV DL: sphere inscribed in 2 · 2 · 2 cm 3 cube, spectral window DB: 2.5 G, data points per projection: 95, maximum gradient strength: 12 G/cm (h G = 84°), scan speed: 1.85 G/s. To partially suppress noise at high gradient strengths, acquisition time for each projection was made proportional to DB/cos h. After partial suppression, the additive noise was assumed to be white Gaussian with intensity proportional to 1/cos h. The SNR, defined as the ratio of peak signal amplitude (for the projection with minimum peak-to-peak amplitude) and standard deviation of the additive white noise, was 30. The total number of projections and the corresponding acquisition time for each sampling technique is given in Table 1 . Fig. 3 shows the reconstructed images from the four sampling techniques.
EPRI experiment
An experimental phantom as shown in Fig. 4 was constructed using eighteen 100 lL capillary tubes. The capillary tubes were arranged in three columns with each column containing six capillaries. Two different triarylmethyl free radical (TAM) probes were used. TAM in aqueous solution exhibits a single narrow EPR spectrum which is suitable for imaging purposes. Twelve capillaries, constituting the 1st and 3rd columns, were filled with 2 mM Ox063 (methyl-tris [8- Here, h max is the maximum gradient angle achieved by the sampling pattern. Fig. 4 . The phantom used to obtain the experimental data. There are a total of 18 capillaries arranged on a 6 · 3 grid. True normalized spin densities for two outer columns (1st and 3rd) and middle column (2nd) are 1.0 and 0.67, respectively, and the linewidths for two outer columns (1st and 3rd) and middle column (2nd) are 0.25 and 0.18 G, respectively.
10 mm. For Ox063 and Ox031, the respective room air peak-to-peak linewidths, measured at X-band, were 0.25 and 0.18 G while the signal intensities were approximately 3:2. The overall sample dimensions were 10.2 · 10 · 5.2 mm 3 . The phantom was imaged using an L-Band (1.2 GHz) EPRI system with a reentrant resonator with cylindrical sample volume with a diameter of 12.6 mm and useable height of 12 mm. The spectrometer settings were: incident microwave power: 4 mW, spectral window DB: 1.8 G, spatial FOV DL: sphere inscribed by 1.8 · 1.8 · 1.8 cm 3 cube, modulation amplitude: 70 mG, maximum gradient strength: 10 G/cm (h G = 84.3°), time constant of lock-in amplifier: 20 ms. A total of four datasets (one for each sampling method) were acquired. The number of projections and the acquisition time for each dataset are reported in Table 1 . For each projection 1024 data points were collected which were later downsampled to 95 for faster reconstruction. No correction for B 1 field inhomogeneities was applied. To suppress noise for high gradient projections, the acquisition time for each projection was made proportional to DB/cos h which implies that the scan speed across all projections was kept constant at 1.38 G/s. The measured SNR was 12. The measured lineshapes for both Ox031 and Ox063 were reasonable approximations of a Lorentzian function with fit error <7%. Fig. 5 displays the reconstructed images from the four acquisition techniques.
Discussion
The simulation and experimental results suggest that the distribution of projection data contributes to the reconstruction quality. The distributions which are more uniform tend to capture more distinct information in each projection which results in high fidelity images that possess more information about the object. ELA4 and ESA3-based distributions repeat the same spatial distribution of gradient directions for each spectral angle which results in enhanced redundancy in the acquired data. In addition, if any edge of the object gets aligned with the sampling pattern, the streak-artifact from the edge may get added constructively that can consequently degrade the image quality. Fig. 2a displays the standard deviation of the Voronoi cell size for the four distributions with UF4 exhibiting considerably lower variations in the Voronoi cell size which is also used to find proper weighting for the acquired projections before performing the FBP. The energy U associated with the distributions is displayed in Fig. 2b . Among all the distributions, UF4 and ELA4 possess the minimum and maximum value of U, respectively.
The simulation results are presented in Fig. 3 . The quantification of the results is provided in Table 2 . Since the FBP-based reconstruction from a limited number of projections generate strong background artifacts, the voxels reflecting a spin density (obtained by integration of 4D object along spectral axis) less than 25% of the maximum spin density were set to zero to make for a better 3D visualization. However, caution should be observed in applications where voxels with weak and strong spin densities coexist in a single object because discarding the part of such an object based on the intensity may result in loss of important information. To quantify the linewidth, data at each voxel were fit with a Lorentzian function with allowable linewidth of 0.7LW min to 1.3LW max . Here, LW min and LW max are the minimum and maximum linewidths, respectively, present in the sample. The quantification of spin densities and linewidths was done for all the voxels where spin density of the input phantom was nonzero. For better visualization of the parameters, input and reconstructed images were cropped 33% along the axis of tubes.
For ELA4 and ESA3, a fixed sampling interval along h, which is decided by the total number of projections to be acquired, restricts us from applying the maximum permissible gradient, which translates to a lower resolution. It is this inability of ELA4 and ESA3 to utilize the maximum gradient allowed by the hardware along with the relatively lesser number of high gradient projections that has resulted in extremely poor resolution for objects with fine spatial structures like the ones used in this work. For the simulation results shown in Fig. 3 , value of h max and the corresponding number of projections are given in Table 1 . Further, since the distribution of the data is structured, the reconstruction is sensitive to the alignment of the sampling grid and the distribution of information content. Therefore, the reconstruction may possess an orientational bias, and rotating the object for a given sampling may change the reconstruction quality considerably [17] . As a result, the reconstruction quality may vary with the number of acquired projections, configuration of the object to be imaged, and the orientation of the sampling grid relative to the phantom. On the other hand, the improved uniformity of ESA4 and especially of UF4 ensures that the results are relatively insensitive to the object content [27] . By our simulation experience (results not shown), we have further observed that for objects which lack fine structure, the difference in the reconstruction quality of uniform and nonuniform sampling patterns may not be that drastic because high gradient data may not carry same importance for such objects. Finally, for UF4 it is possible to acquire any number of projections, while for other three methods there are only discrete values that can be acquired.
The experimental results provided in Fig. 5 and Table 2 are consistent with the simulation findings. Since ESA4 seems to resolve all the 18 tubes, the nonzero voxels in ESA4 based reconstruction are used to define the true spatial structure of the phantom. Hence for quantifying the reconstruction results of all the four sampling patterns, the spin densities and linewidths only at these nonzero voxels are taken into consideration.
Conclusions
The uniform coverage of 4D space is important for an improved reconstruction quality. A poor approximation of the uniform distribution, on the other hand, may result in pronounced artifacts in the reconstructed image which can degrade the reconstruction quality to an unacceptable level. Although data distribution based on ESA3 provides an improvement over ELA4, it is still not uniform in the 4D acquisition space. The distributions based on ESA4 and especially UF4 provide a tangible improvement over ELA4 and ESA3. Besides, by breaking down the reconstruction into subsets, single-stage reconstruction can be realized without special computing resources. Since computation time for the single-stage backprojection is comparable to the acquisition time, real time reconstruction is also feasible.
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for a 4D object f ðrÞ, the Fourier transform F ðkÞ can be written as 
